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ARTICLE INFO    ABSTRACT 
 

 

The nonlinear model is studied to describe the mechanical behavior of the human knee meniscus tissue, which 
is composed of a solid phase, a fluid phase and also positive and negative charges. The model presents the 
theoretical formulation and the constitutive equations. Meniscal tissue consists primarily of a solid phase and 
a fluid phase. The fluid plays an important role in the mechanical behavior of the meniscus [1]. The 
mechanical description of the meniscus is also considered a combined action of the solid phase and the fluid 
phase [2]. The theoretical formulation and description of the model equations are presented. The challenge of 
describing the human knee meniscus in its complex inhomogeneous microstructure, which consists primarily 
of ionized water and collagen fibers embedded in an extracellular network of charged protein compounds. To 
describe the physiological behavior of the meniscus at the macroscale, the electrochemical-mechanical 
couplings between the components must be considered, as well as the anisotropic properties of the 
extracellular and viscoelastic matrix. 
 

 
 

 
 
 
Copyright©2023, Gilberto Piña Piña et al. This is an open access article distributed under the Creative Commons Attribution License, which permits unrestricted 
use, distribution, and reproduction in any medium, provided the original work is properly cited. 
 
 

INTRODUCTION 
 
Model Formulation: The meniscal tissue consists mainly of four 
basic components: collagen fibers, proteoglycans, a fluid, and 
negatively charged particles. In the four-component mixture theory, 
the material is modeled as solid denoted by the letter s, it is saturated 
by fluid denoted by the letter f; in the fluid some ions move freely 
(cations and anions) [3,4]. In four-component mixture theory, the 
behavior of the meniscus is described by a series of equations that 
encompass balance equations and constitutive equations. The balance 
equations describe the conservation of mass, momentum and 
momentum can be described in the same way as in classical 
continuum mechanics [5]. In figure a bright thin fibril identified is 
seen at the edges of the collagen fibers with the number 4, which 
corresponds to the proteoglycan. Proteoglycans are hydrophilic 
molecules, negatively charged that could hold water above 50 times 
their body weight. The forces of the collagen fibers (3) in the interior 
of the meniscus portion froze these proteoglycans. During 
compression, they slowly dissipate the trapped water and hereby help 
to constrain the compressive forces, the fluid is loaded positively, the 
fluid is drawn into the interstitial spaces (2) when compressive loads 
are applied concerning the meniscus. The positive charges of the flow 
are attracted by the negative charges of the proteoglycans. The 
micrograph shows a deep area of the meniscus since it only consists 
of spherical chondrocytes, characteristic of the deep area. When age 
increases, changes in the vasculature, which include a decrease in 
vascular peripheral and central margin of the meniscus the number of 
cells of the meniscus decreases considerably, is by this reason we find 
few cells in the micrograph.  
 

At the bottom of the ponds, we observe collagen oriented in a 
perpendicular direction (5), compared to collagen, which is identified 
by (3).  
 

 
 

Figure 1. Principal components of the human knee meniscus 
 

Balance of equations for the solid: For each 𝛼 phase, the material 
satisfies the momentum equation 
 
∇. 𝑇∝ + 𝜋∝ = 𝑓∝                                                ……………………..1 
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∝= 𝑠, 𝑓       𝑠 = 𝑠𝑜𝑙𝑖𝑑𝑜,   𝑓 = 𝑓𝑙𝑢𝑖𝑑𝑜 
 

where 𝑇∝ is the stress tensor of the  phase𝛼,𝜋∝ represents the 
interaction with other phases  and 𝑓∝ represent the inertial terms and 
the forces of the body. The stress tensor is modeled as: 
 
𝑇∝ = −𝑛∝𝑝𝐼 + 𝜎∝                                         ………………………..2 
 
where 𝑛∝ is the phase𝛼 volume fraction, 𝑝 is the fluid pressure, and 
𝜎∝ is the effective stress tensor of the  phase𝛼. The volume fraction is 
defined by. 
 

𝑛∝ =
∝

                                                         ………………………... 3 

 
where V is the representative volume of the mixture and 𝑉∝ is the 
volume occupied by the phase𝛼 within the volume V. Conservation 
of momentum for the entire mixture leads to constraint𝜋 + 𝜋 = 0. 
Therefore, the total momentum balance is simplified as follows. 
 
∇. 𝑇 + 𝑇 = 𝑓 + 𝑓                               …………………………4 
 
∇. 𝜎 + 𝜎 − ∇ 𝑛 + 𝑛 𝑝 = 𝑓           …………………………5 
 
From now on, we ignore the inertial terms and the body forces that 
are represented by 𝑓∝. Furthermore, 𝑓∝ = 0we assume that the 
material is saturated. 
 
𝑛 + 𝑛 = 1                                                ………………………….6 
 
Constitutive equations for solids: The first equations define the 
effective stress tensor 
 
𝜎 = 2𝜇 𝜀(𝑢) + 𝜆 ∇. uI + 2𝑚 𝑑(𝑣 ) + ⋀ ∇. 𝑣 𝐼   ………………7 
 
donde𝜇  and 𝜆  are the Lamé parameters, 𝑚  and ⋀  are the viscous 
stress parameters 
 
The solid matrix is modeled as a linear elastic material. This means 
that the viscous stress parameters 𝑚  and ⋀  are equal to zero. 
Therefore, mechanical behavior is described by Hooke's Law. 
 
𝜎 = 2𝜇 𝜀(𝑢) + 𝜆 ∇. uI                                ………………………...8 
 
where 𝜇  and 𝜆  are the Lamé parameters for the solid, these Lamé 
parameters depend on Poisson's ratio and the stiffness of the elastic 
material. 
 
The fluid is modeled as a viscous Newtonian fluid. So, 𝜇 = 0 y 
𝜆 = 0 
𝜎 = 2𝑚 𝑑 𝑣 + ⋀ ∇. 𝑣 I                          ……………………….9 
 
It is now assumed that the viscosity is negligible compared to the 
momentum transfer. So, 𝜎 ≫ 𝜎 . This is generally the case, except 
in very thin layers of permeable materials [6]. Therefore, the 
momentum equilibrium is described as: 
 
∇. 𝜎 − ∇𝑝 = 0                                                    …………………….10 
 
donde𝜎 = 2𝜇 𝜀(𝑢) + 𝜆 ∇. uI 
 
Balance of equations 
 
In the absence of mass exchange due to chemical interactions, the 
balance equations that describe the conservation of the mass of the 
components of the mixture are written with the following expression 
(Oomens, 1985): 
 

( )
+ ∇. (𝑛 𝜌 𝑣 ) = 0                           ……………………….11 

 
This assumes that the phases are incompressible, 𝜌  is constant. 
Assuming the mass balance for the solid and the fluid and using the 

saturation condition 𝑛 + 𝑛 = 1 and the definition of speed of the 
solid 𝑣 = 𝛿 𝛿⁄ , where 𝑢 are the solid displacements, 𝑡 is  the time 
and 𝑣  is the speed of the solid. The equation 11 can be written as. 
 

+ ∇. (𝑛 𝑣 ) = 0                         ……………………………….12 

 
Molar Mass Balance Equations 
 

+ ∇. 𝑛 𝑚 𝑐 𝑣 = 0    ………………………………..13 

 
The molar masses of the ions are constant 𝑚 . So, the molar masses 
may be out of mass balance. Rewriting equation 13. 
 

+ ∇. 𝑛 𝑐 𝑣 = 0               ……………………………….14 

 
Constitutive equations for masses: The constitutive equations 
describe the flow of the fluid and the flow of ions. So, the flows are 
described by Darcy's extended law and Fick's extended law. These 
extended laws are derived by Huyghe and Janssen [7,8] 
 
Darcy's Law 
 

𝑛 (𝑣 − 𝑣 ) = [𝑛 ∇𝜇 + 𝑛 ∇𝜇 + 𝑛 ∇𝜇 ]     …………………15 

 
where 𝑛  is the volume fraction of the fluid, 𝜇 ,with (𝛽 = 𝑙, +, −) 
are the electrochemical potentials, 𝑣  is the velocity of the liquid and 
𝑘 is the hydraulic permeability tensor. 
 
Fick's Law 
 

𝑐 𝑣 − 𝑣 = −𝐷 ∇𝜇 ,  with𝛽 = +, −)      ……………… 16 

 
where 𝑐  is the concentration of ion 𝛽 per unit volume of fluid, 𝑣  is 
the velocity of component 𝛽, 𝐷 is the diffusion tensor of ion 𝛽, 𝑉 is 
the volume occupied by one mole of component 𝛽, 𝑇is the absolute 
temperature and 𝑅 is a constant. 
 
Conclusions 
 
The efficiency presented by the model can be applied not only to the 
description of the menisci of the human knee but also to other tissues 
of the body, to know their physiological and mechanical behavior, 
which will allow the development of prostheses that can be behave as 
real to human tissue. 
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