
     
 
 
 

 

 
 

 
 
 

 

RESEARCHARTICLE 
 

REPRESENTATION OF Ck,h (Q) 
 

*Mahadevaswamy, B.S. 
 

Department of Mathematics, Maharani’s Science College for Women, Mysore 
 

 
 

ARTICLE INFO    ABSTRACT 
 

 

In this paper, we obtain the Hardy – Ramanujan – Rademacher series for ck,h(n) on the lines of L.W. 
Kolitsch.  The existence of such series for c1,k(n) and ck,l(n) was asked for by Andrews and later 
obtained by Kolitsch. Finally we extend the results on q-binomial coefficients and q-series 
representation of Andrews to our function ck,h(n). Andrews has established the two congruences  
c1,2(5n+3)  c2,1 (5n+3)   O (mod 5).  We show that the analogous congruence c2,2 (5n+3)   O 
(mod 5) is false for n = 2.  We also study generalised Frobenius partitions with some restriction on its 
parts. 
 
 
 
 
 
 

 

 
 
 
 

Copyright © 2022, Mahadevaswamy. This is an open access article distributed under the Creative Commons Attribution License, which permits unrestricted use, 
distribution, and reproduction in any medium, provided the original work is properly cited. 
 
 

INTRODUCTION 
 
In this paper we consider the problem of representing Ck,h(q) as sum of infinite products for arbitrary positive integers k and h.  
we show that this is possible by generalising the methods of this paper which we do through Lemmas 1-4. Lemma 1 is used in 
proving Lemma 2 which is essential in obtaining the Laurent expansion of a more general product. The Laurent expansion is 
obtained in Lemma 3. Lemma 4 furnishes a result which plays the role played by  (i) Jacobi’s triple product identity.  Due to the 
mechanical nature of the steps we only sketch our proofs and avoid lengthy expressions.  
 
Some Lemmas:  
 
Lemma 1. For a, b, c arbitrary integers, z, ,  non-zero, |q| < 1 and S any function of  , z, q, m 
 




m

 S(, z, q, m)  






n

ncnbmnanq 
2

 

 = (q2a; q2a) (-qa+c; q2a) (--1qa-c; q2a) 

x   


m

 S(, z, q, em)  
cdmmaddm q  22

  

+ (q2a; q2a) (-qa+c-b; q2a) (--1qa-c+b; q2a) 

x   


m

 S(, z, q, em+1)  
dmbcmaddm q )(22   

+ . . .  (q2a; q2a) (-qa+c-eb+b; q2a) (--1qa-c+eb-b; q2a) 

x   


m

 S(, z, q, em+e-1)  
dmbebcmaddm q )(22    (2.1) 

 
where 2ad – be = O and (d, e) = 1. 
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Proof : By grouping terms with m  r (mod e), r = O, 1, . . . , e-1 in the left hand side of (2.1), we obtain 




m

 S(, z, q, m)  






n

ncnbmnanq 
2

 

=   


m

 S(, z, q, em)
cdmmaddm q  22

 


n

dmndmncdmnaq  )()( 2

 

+ . . . + 


m

 S(, z, q, em+e-1)
dmbbecmaddm q )(22   

x 


n

dmndmnbbecdmnaq  )()()( 2

 

  
If we now change n to n + dm and use Jacobi’s triple product identity, we obtain (2.1).  
 
Lemma 2.  for a, b, c, d, e, f arbitrary integers, z,, non-zero and |q| < 1, 
 

(2.2.)  


m

cmmbmam zq 2




n

fnnendn zq 2

 

= (q2a’; q2a’)




1y

Oi





1h

Oj

fjciejdjbiaiji zq  22

  

x  (-y-xqb’+2ayi-2dxj+a’  ;q2a’) 
x  (--yx qb’+2ayi+2dxj+a’  ; q2a’) 

x 


n

fhnngxhgyayidxjbgdhjehngadh zq )())22'(2()'( 222    

Where x =
),( fc

c
 , y = 

),( fc

f
, 

h

g

dxay

dx


 22
 = with (g,h) = 1, a’ = ay2+dx2 and by-ex = b’. 

 
Proof: By grouping separately terms with m  r (mod y), r = O, 1, . . . , y-1 and changing n to n-xm, the left hand side of (2.2) can 
be written as a sum of y number of series of the form (2.1).  Applying Lemma 1 to each of these y series, we obtain (2.2) 
Remark 1. Andrews’ result [3, Lemma 3] stated is a particular case of (2.2) and the Laurent expansion of the product can be 
obtained by applying (2.2) successively.  
 
Lemma 3. For z, 1, . . . , k non-zero, ai, bi, ci (i = 1, . . . , k) integers and |q| < 1. 
 







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11
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1 111

1
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zq    . . .    (1.2.3) 








k

ncn
kk

a

n

kkk
k

nkbknq 
2

 

= 




11

1

y

Oi

 . . .  
11 1

1

1












h

OjO

y
i

i

k

k
  . . . 

11

1






O

h

j

k

l

 = 






1

1

k

nq

)( 1
2

112
2

11 nnnn
a

nnnn jbjii 
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1
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1222211132211121112 )...(...)()(
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 kkkk iyygxghiygxghixghi  

1222222243322232222 )...(...)()(
3

 kkkk iyygxghiygxghixghi  

1
2222 1)(

1


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i
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Where  xn = 
),( 11

1





nnn

nn

chc

hc
 , yn = 

),( 11

1





nnn

n

chc

c
  , ho = 1,  

Ɵo1 = O = Ɵo2
,

2
1

2
11

1

nnnn

nn

xay

xa






  =

n

n

h

g  with  (g
n

, h
n

) = 1,  

'
na =

2
1

2
11 nnnn xay   , ,112

'
nnnnn xbyb   ,  

Ɵn1 =
'22

1 nnnn agha        and  

 Ɵn2 = bn+1hn + gn(
'
nb +2Ɵ

n-11ynin – 2a
n+1

x
n

j
n). 

 
Proof : Applying Lemma 1.2 successively we obtain (1.2.3). 
 
Lemma 4. For a > 0, a1, . . . , ak-1 integers and |q| < 1, the series. 
 

(1.2.4)  ,
11

1

1
11

2
1

1

,...,

)(























k

k

i
iij

n
i

n

kji
i

nn

nana

q
 

 
can be  expressed as a sum of 2k-2 3k-3 4k-4 . . .  (k-1)k-(k-1) infinite products. 
 
Proof:  First step.  By grouping separately terms with n1, . . . ,nk-2 even and n1, . . . , nk-2 odd, the series (1.2.4) can be written as the 
sum of 2k-2 series each of which will be of the form  
 

1m

q ,
21

2

1
21

2
2

2
1

,...,

)23...3(
















 

k

k

i
iij

n
i

n

kjik

nn

nbnna

q  
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 X  ,
1

1
2

1 .










k

kk

n

bnanq  

 
Where m1, b1, . . . , bk-2, b are integers.  Here the second series can be written as an infinite product by Jacobi’s triple product 
identity.  Thus it suffices to express the first series as a product.  
 
Second  step: By grouping separately terms with n1, . . . ,nk-3 r (mod 3), r = 0, 1, 2, the first series of the first step can be written 
as the sum of 3k-3 series each of which will be of the form 

2m

q ,
31

3

1
31

2
3

2
1

,...,

)1224...24(
















 

k

k

i

i
n

i
c

j
n

i
n

kjik

nn

nna

q  

 x ,
2

2
2

2 .3










k

kk

n

cnanq  

Where m2, c1, . . . , ck-3, c are all integers.  
 
Proceeding similarly we arrive at the (k-2)-th step namely: 
 
(k-2) – th step. By grouping separately terms with n1 r (mod k-1), r = 0, 1, . . . , k-2, the first series of the (k-3)-th step can be 
written as a sum of (k-1)k-(k-1) = k-1 series each of which will be of the form  
 

 






1

11
2
112

n

nnk qq
m  ,

2

22
2
22







n

nnq 

 
 
(where mk-2, i, i (1 = 1,2) are integers) which are explicit infinite products. 
 
Conclusion 
 
From steps 1 to (k-2) it is clear that the series (1.2.4) can be written as a sum of  
 
  2k-2 3k-3 4k-4 . . .  (k-1)k-(k-1) 

 
Infinite products.  This proves Lemma 1.4. 
 
Remark 2. By putting a = 1, a1 = O - . . .  = ak-1 in Lemma 1.4 and using Theorem 5.2 in [2], we obtain a representation of  
Ck,1(q) = Ck(q) as a sum of infinite products, the number of such products being 2k-2 3k-3 . . . (k-1). 
 
Remark 3. Multiplying k times and equating the constant terms, we find Ck,2(q) to be a sum of ([k/1] + 1) series (the square 
bracket denoting the integral part) of the form (1.2.4).  It follows from Lemma 1.4 that  Ck,2(q) is a sum of  
 
  ([k/w] + 1) 2k-2 3k-3 . . .  (k-1) 
 
infinite  products.  Similarly, Lemma 1.4 we can obtain a representation of Ck,3(q) as a sum of infinite products.  
 
Remark 4. Applying Lemma 1.4 with k = 4 we obtain the following result which can be used to write down the actual expressions 
of C4,h(q) as sums of explicit infinite products for any h.  
 
For a > O, b, c, d integers and |q| < 1, 
 








3,2,1

321133221
2
3

2
2

2
1 )(

nnn

dncnbnnnnnnnnnnaq  

=(q2a;q2a)(q6a;q6a) (q48a;q48a)  { (-qa+d;q2a) (-q-a-d;q2a) 
X[(-q24a+6b-2d-2c; q48a)  (-q24a-6b+2d+2c; q48a) 
X(-q3a+2c-d; q6a)  (-q3a-2c+d; q6a) 
+ q3a+2b-d (-q40a+6b-2d-2c; q48a)  (-q8a-6b+2d+2c; q48a) 
X(-q5a+2c-d; q6a)  (-qa-2c+d; q6a) 
+ q12a+4b-2d (-q56a+6b-2d-2c; q48a)   (-q-8a-6b+2d+2c; q48a) 
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x (-q7a+2c-d; q6a)   (-q-a-2c+d; q6a) ]     
+ qa+c (-q2a+d; q2a)   (-q- d; q2a) 
x [(-q24a+6b-2c-2d; q48a)   (-q-24a-6b+2c+2d; q48a) 
 x (-q6a+2c-d; q6a)   (-q- 2c+d; q6a) 
+ q4a+2b-d (-q40a+6b-2d-2c; q48a)   (-q-8a-6b+2d+2c; q48a) 
 x (-q8a+2c-d; q6a)   (-q- 2a-2c-d; q6a) 
+ q14a+4b-2d (-q56a+6b-2c-2d; q48a)   (-q-8a-6b+2c+2d; q48a) 
x (-q10a+2c-d; q6a)   (-q- 4a-2c+d; q6a)]  
+ qa+b (-q2a+d; q2a)   (-q- d; q2a) 
x [(-q32a+6b-2c-2d; q48a)   (-q-16a-6b+2c+2d; q48a) 
x (-q4a+2c-d; q6a)   (-q- 2a-2c+d; q6a) 
+ q6a+2b-d (-q48a+6b-2c-2d; q48a)   (-q-6a-2c+2d; q48a) 
x (-q6a+2c-d; q6a)   (-q- 2c+d; q6a) 
+ q18a+4b-2d (-q64a+6b-2c-2d; q48a)   (-q-16a-6b+2c+2d; q48a) 
x (-q8a+2c-d; q6a)   (-q- 2c+d; q6a)] 
+ q3a+b+c (-q3a+d; q2a)   (-q-a-d; q2a) 
x [(-q32a+6b-2c-2d; q48a)   (-q-16a-6b+2c+2d; q48a) 
x (-q7a+2c-d; q6a)   (-q- a-2c+d; q6a) 
+ q7a+2b-d (-q48a+6b-2c-2d; q48a)   (-q-6b+2c+2d; q48a) 
x (-q9a+2c-d; q6a)   (-q- 3a-3c+d; q6a) 
+ q20a+4b-2d (-q64a+6b-2c-2d; q48a)   (-q-16a-6b+2c+2d; q48a) 
x (-q11a+2c-d; q6a)   (-q- 5a-2c+d; q6a)] }. 
 
Representation of Ck,h (q): Theorem 1. For arbitrary positive integers k and h, Ck,h (q) can be expressed as a sum of infinite 
products.  
 
Proof: For z, 1 , . . . , h all non – zero and |q| < 1, we consider the product 
 

1.3.1.  )( 1qz )( 2qz . . . )( qz h  

  x 
 )( 1
1

1z 
 )( 1
2

1z  . . . 
 )( 11
hz  , 

 
Which on using Jacobi’s triple product identity can be written as  
 

hq 
)( 11

1

)(
1 1

2
1

1

)1(
nnn

zq
n

n







  

. . . 

hh
h

n
h

n

nnhn

h

zq 
)( 1

2)1(





  

By applying Lemma 1.3 we obtain the Laurent expansion of the product (1.3.1).  Substituting 1= 2= 2 , . . . , h= h , where  

= exp (2i/h+1) in that Laurent expansion,  multiplying the resulting identity k times and equating the constant terms, we find 

Ck,h (q)  as a sum of series of the form (1.2.4) which by Lemma 1.4 is a sum of  2k-2  3k-3   4k-4 . . .  (k-1) 

Infinite products. 
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