Available Online at http://www.journalajst.com

ASIAN JOURNAL OF
SCIENCE AND TECHNOLOGY

Science < Iechnology . .,
o Asian Journal of Science and Technology

ISSN: 0976-3376 Vol. 13, Issue, 11, pp.12267-12272, November, 2022
RESEARCHARTICLE

REPRESENTATION OF Coxn (Q)

*Mahadevaswamy, B.S.

Department of Mathematics, Maharani’s Science College for Women, Mysore

ARTICLE INFO ABSTRACT

Article History: In this paper, we obtain the Hardy — Ramanujan — Rademacher series for cdy (n) on the lines of L.W.
Received 09" August, 2022 Kolitsch. The existence of such series for c¢;(n) and cdy (n) was asked for by Andrews and later
Re(h:eived in revised form obtained by Kolitsch. Finally we extend the results on q-binomial coefficients and g-series
10" September, 2022 representation of Andrews to our function cfy(n). Andrews has established the two congruences

Accepted 15™ October, 2022

Published online 30" November, 2022 ¢y 2(5n+3) = ¢,y (5n+3) = O (mod 5). We show that the analogous congruence c¢,, (5n+3) = O

(mod 5) is false for n = 2. We also study generalised Frobenius partitions with some restriction on its

parts.
Keywords:
Laurent Expansion, Jacobi's Triple,
Product Identity.
[ Citation: Mahadevaswamy. B.S. 2022. Representation of Cok,h (Q)”, Asian Journal of Science and Technology, 13, (11), 12267-12272. ]

Copyright © 2022, Mahadevaswamy. This is an open access article distributed under the Creative Commons Attribution License, which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.

INTRODUCTION

In this paper we consider the problem of representing Cdyn(q) as sum of infinite products for arbitrary positive integers k and h.
we show that this is possible by generalising the methods of this paper which we do through Lemmas 1-4. Lemma 1 is used in
proving Lemma 2 which is essential in obtaining the Laurent expansion of a more general product. The Laurent expansion is
obtained in Lemma 3. Lemma 4 furnishes a result which plays the role played by (i) Jacobi’s triple product identity. Due to the
mechanical nature of the steps we only sketch our proofs and avoid lengthy expressions.

Some Lemmas:

Lemma 1. For a, b, ¢ arbitrary integers, z, ., f non-zero, |q| < 1 and S any function of B, z, q, m

i S(Bs z, q, m) i qanZ*bMI’ch an

m=—0 n=-ow

— (an; an)OO (_aqa+c; an)Do (_a-lqa-c; an)Do

o0

x Y SPB.zgem) a’q

m=—000

—ad®m? +cdm
+ (an; an)OO (_aqa+c-b; an)OO (_a-lqa-c+b; an)Do

> —ad®m? +(c—b)dm

X Z S(B, z, q, em+1) ad’”q

+ ... (an; an)DO (_aqa+c-eb+b; an)OO (_a-lqa-c+eb-b; an)Do
0 a2 2
X Z S(B, 2, q, em-te-1) aqu ad“m” +(c—eb+b)dm @1

where 2ad —be = O and (d, ¢) = 1.
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Proof : By grouping terms withm=r (mod e),r =0, 1, .. ., e-1 in the left hand side of (2.1), we obtain
~ - an’® —bmn+cn _n
> SB.zam) Y. g " a
0 g2 2 0 N2 _
_ Z S(B, 2,4, em) aqu ad“m* +cdm z qa(n dm)” +c(n—dm) ,n—dm

m=—000 n=—00

—ad’m? +(c—be+b)dm

+...+ z SB, z, q, em+e-1)0€qu

m=—o0

i qa(n—arm)2 +(c—be+b) (n—dm) yn—dm

b

If we now change n to n + dm and use Jacobi’s triple product identity, we obtain (2.1).

Lemma 2. for a, b, ¢, d, e, f arbitrary integers, z,a,3 non-zero and |q| < I,

(2.2.) i qam2+bmam Zcm i qanJrenﬂn an

m=—oo n=—ow
y=1 h-1 . . .2 . .2 . .
o o ipj ,ai“+bi+di“+ej _ci+fj
=@ .Y Y a'f'q z
i=0 j=0

y@-x, . b’+2ayi-2dxj+a’ , 2a’
X (-0
( -)!3 xqb’+23yi+2dxj+a’ ’g 221?0
X (-a”B q 5A7 )

o0

(dhz—a'g )+n2(eh+2dhj+g(b'—2dxj+2ayi)) gy ph—-gx\ n_ fhn
x Y g (@¥p" %) "z

dx
Where x =—S— |y = / s 5 ~& _yith (gh) =1, a’ = ay*+dx” and by-ex =b’.
(c.f) (c./) ay"+dx” h
Proof: By grouping separately terms with m =r (mod y), r=0, 1, . . ., y-1 and changing n to n-xm, the left hand side of (2.2) can

be written as a sum of y number of series of the form (2.1). Applying Lemma 1 to each of these y series, we obtain (2.2)
Remark 1. Andrews’ result [3, Lemma 3] stated is a particular case of (2.2) and the Laurent expansion of the product can be
obtained by applying (2.2) successively.

Lemma 3. For z, ay, . . ., oy non-zero, a;, b, ¢; (i=1, . . ., k) integers and |q| < 1.

0

ay 2 b n cqmy
Zq ny +bym al z . (123)
n =-w

o0
@ kn? +b,nk "k k"k
2" ata

ny =—0
»n-l -1 -1 Ty
:2...2"?22 .. X =
i =0 © =0ji=0 Jia =0
k-1 k-1
) .H4a 2 . . .
2 (en—l lln + en—IZZn ”+1]n +bn+1]n) 2 (cnhn-llnﬂnﬂjn)- e
n=1 .n=1
ail +81 Vil HEN182Y V3l + 81182V 2 - Er2Vk-2Vi—ibk
1
aiz +(I—g1x))ip +H(h —=g1x1) €2V 213+ + (I =€1X) ). &2 V2 Vi—2lk-12
2
aiz +(hy =gy )iz +(hy =82 X5 ) &334+ +(hy =€2%X2 )82 V-2 Vi—2li-12
3

Tke2 (g = 8pp X n) Th—lay

k-1
2a 2a zal 2a1
X Q7% Q) . . (@ ATq T R,
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-b; +2a,

71 x . . . 2a;
x(—a, aj'q Vit 2a,x,j,+a;q9°"),

. ( _( ajglyl aéll_glxl )y2 a;xz qb'z+291 1y2i2—2a3x2 Jj 2+a'2 ;qza'z )OO

Pl Mg 83 X\ —
x(_(ai o4 )gzyzoé}é—gzxz) 3."qi71i12_gk2xk2) Vi

X (_(algly : Oé,l_glxl)_yzoérz q-bz—zel Ivziz+2a3x2j2+a2; an 2)00

EPT_ITEPLN €Y A 127822) g, P =278 k=2 k—2) 7 k-1
x(Hog o ) 22, O
g k1 2ai1

& =120 1) oy jgt jo 20 j 055 1

q q 0
(( Py ahl'gl"l) R PRy ) |
a 2 2 2, S|
k-1 b . L 2y
K=l 2a i 20 g _y) k1 )
q 1 o

-X
a

k

: h_gxyg & ¥, ¥
LR TR a( 1-°11) %251 72 0k
2

0 1..
x>

n

a(hk—z_g F2%2) S B g ry)”
Lk “k

2
Ok11" *0f12" ¢ i1
V4

Cnhn—l _ cn+1 —
- bl yﬂ - - b 0 17
(Cnhn—l’cnﬂ) (Cnhn—l’cnﬂ)

0..=0=0_ an+1xn =gn with (g ,h )=1,
ol — — Yo2 2 2 h_ n n
0 —llyn + an+1'xn

n n

} 2 2 ' _
a ., = n—llyn +an+1xn ) bn _en—IZyn b

n+1xn %

2 2
On=a,,h —g-a, and

n+l

— ' 20 : 2 j
enZ - bn+lhn + gn( bn + n-llYnln - an-*-lxnjn)'

Proof : Applying Lemma 1.2 successively we obtain (1.2.3).

Lemma 4. Fora>0, a,, . . ., a, integers and |q| < 1, the series.

k-1
2 z n o n
“(Z Myt asic oy j)+z @il
i B i=1
00

(1.2.4) Z q

Ny eyl = —
can be expressed as a sum of 252 3*3 4% (k-1)*®" infinite products.
Proof: First step. By grouping separately terms with ny, . . . ,n; even and ny, . . ., ng, odd, the series (1.2.4) can be written as the

sum of 2% series each of which will be of the form

k=2
2 2 z n.n
a(ni o 43ni g+ 210 )Y b

n11 o0 p
q > q a0
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2
an ;_, +.bn

M5

X q -,
nyp_p=-°
Where my, by, . . ., by, b are integers. Here the second series can be written as an infinite product by Jacobi’s triple product

identity. Thus it suffices to express the first series as a product.

Second step: By grouping separately terms with ny, . . . ,;n3=r (mod 3), r =0, 1, 2, the first series of the first step can be written
as the sum of 3% series each of which will be of the form

k-3
© a (24 n1 424 0} 3+121<l<§<k 3’11’Z/)+Z e,
m

q 2 Z q i=1 ,

nyp,...,np_3=-%

© 2
Z 3an [ _, +.cn_,
X q )
Ny_y=—0

Where my, ¢y, . . ., C3, C are all integers.
Proceeding similarly we arrive at the (k-2)-th step namely:

(k-2) — th step. By grouping separately terms with nj=r (mod k-1),r=0, 1, . . ., k-2, the first series of the (k-3)-th step can be
written as a sum of (k-1)*" = k-1 series each of which will be of the form

N Y N Lep
"k-2 ani +pin a,ny +f,n,
"> q q ,

ny=-m Nny=—0

(where my,, a, B; (1 = 1,2) are integers) which are explicit infinite products.

Conclusion

From steps 1 to (k-2) it is clear that the series (1.2.4) can be written as a sum of
2](-2 3](-3 4k>4 (k_l)k>(k>1)

Infinite products. This proves Lemma 1.4.

Remark 2. By puttinga=1,a; =0 -... = a in Lemma 1.4 and using Theorem 5.2 in [2], we obtain a representation of
Cox.1(q) = Chi(q) as a sum of infinite products, the number of such products being K238 (k-1).

Remark 3. Multiplying k times and equating the constant terms, we find Cdx,(q) to be a sum of ([k/1] + 1) series (the square
bracket denoting the integral part) of the form (1.2.4). It follows from Lemma 1.4 that Cdy»(q) is a sum of

([k/w] + 1) 25233 | (k-1)
infinite products. Similarly, Lemma 1.4 we can obtain a representation of Cdy 3(q) as a sum of infinite products.

Remark 4. Applying Lemma 1.4 with k = 4 we obtain the following result which can be used to write down the actual expressions
of Cd4n(q) as sums of explicit infinite products for any h.

Fora> O, b, c, d integers and |q| < 1,

0
Z a(nlz +n§ +n32 +nny+nyny+nyng )+bny+cny+dng

ny.ng.,n3 — P

_(q24 2d)oo(q6d 6(1)Do (q484 48(1)OO { ( qd+d,q2d)oo ( q -a- d,q2d)oo
X[( 24a+6b-2d- 20 48(1)Do 24d 6b+2d+20 48(1)Do

3d+20 d 6a 34 2(:+d
X( 3’q 2b-d 40)02b 2d-2 48 8a-6b+2d+2 48
a+t. a+ C. a a-6b+2d+2c, a
+q ( q ) ( -q 5q4)

0
Sat+2c-d, a- 20+d

X(_IC% 4b. 2d 56 6(b gld 2 ’48 )DO 8a-6b+2d+2 48;
a+4b- a+H C a a-6b+2d+2c, a

+q (-q 5q4)

:q )OO (q

0
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x (-

tq

x[(-

x(-q
+q

tq

x (-

tq

X[(q

x (-

6at+2b-d 48 6b2 2d 48 6a-2c+2d, 48
+qd+ (qd+ C- d)w (qdc+ qd)

x(-q

tq

X (

tq

x[(-q

X (-

b
4a+2b d 40a+6b 2d- 2c 48a)

q7a+20 d’ q6a)OO ( -q -a- 2c+d’ q6a)OO ]

ate ¢ 2a+d, 2a) (_ -d, 2a

b o0
24a+6b»2c-2d 48a) ( -24a- 6b+20+2d 48a
-q 5d oo
6a+2cd 6 -2¢t+d, _6a
-8a-6b+2d+2c, _48a
5q e

o0
8a+2 d 6 (2q2 d 6
a+2c- a a-2c-d, a
X( q (q o
14a+4b-2d 56a+6b- 2c 2d 48a 8a-6b+20+2d, 48a
)oo 5d oo

10a+2c-d, _6 42+d 6(q
-q qa)oc a5 9]

atb 2a+d Za) ( d 2a
0

32a+6b-2c- 2d 48a) ( -16a- 6b+20+2d 48a
3G oo

4a+2c- d 6a ( - 2a- 20+d
-q

-q 59"

o0

6a+2c-d, q 2c+d q )
2

1sd+4b 2 ( 64at6b-20-2d. 484 _16a-6b+2c+2d. _48a

-q ) (-q 5q )

0

_q83+2(:-d’ q6d)oo ( q 2c+d’ q6d)oo]

3atbtc 3d+

32a+6b-. 2 2d’ q48)OO ( q 16 6b 2ct2d, 48

a+ + + a

7 ; d " & d)oo 2( d, .\ C +4 d)oo
+ +

aTLC- ) ( q a-ZeC

-q

+ q7d+2b -d ( q484+6b 2c- 2d 484)OO ( -q 6b+20+2d’ q48d)oo

x(-q

tq

x (-

204+4b 2d 64d+6b 2¢-2d, 484 16a-6b+2c+2d, _48a
(q ) (q 59

9a+2c-d, 3d 3ctd,

0

q11a+20 d’ qéa)oc ( q Sa 2c+d’ q6a)w] }

Representation of Coy, (q): Theorem 1. For arbitrary positive integers k and h, C¢y , (q) can be expressed as a sum of infinite

pro

ducts.

Proof: Forz, a , . . ., o, all non — zero and |q| < 1, we consider the product

L (zaq), (za,q),, - - (Zahq)oo

x(z_lal_l)w (z_laz_l)w (! a, D,

Which on using Jacobi’s triple product identity can be written as

- ® " (1)
(q)wh ;_ (_1) lq 2 al 1Z 1

By

(,+) ,, ,,
z =D g

n,=

applying Lemma 1.3 we obtain the Laurent expansion of the product (1.3.1). Substituting o= m= " , . . ., 0= o, where @

= exp (2mi/h+1) in that Laurent expansion, multiplying the resulting identity k times and equating the constant terms, we find
Cdxn (q) as a sum of series of the form (1.2.4) which by Lemma 1.4 is a sum of 2K2 3k gk (k1)

Infinite products.
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