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INTRODUCTION

In 1965, Zadeh [6] introduce the notion of a fuzzy subsets of a set, fuzzy sets are a kind of useful mathematical structure to
represent a collection of objects whose boundary is vague. Since then it has become a vigorous area of research indifferent
domains, there have been a number of generalization of this fundamental concept such as intuitionist fuzzy set, interval-valued
fuzzy set, vague sets, soft set etc. Lee K. M in 2000 introduced the notion of bipolar-valued fuzzy set are an extension of fuzzy
sets whose membership degree range is enlarged from the interval [0,1] to[—1,1]. Ashram Bormann salid [2] in 2009 introduced
bipolar-valued fuzzy BCK /BCI-algebra. K. Young Ja Lee [4] in 2009 introduce bipolar-valued fuzzy sub algebra, bipolar-valued
fuzzy ideal and some related properties are discussed.

1 Preliminaries
1.1 Definition

Let X be a nonempty set. A fuzzy set A is drawn from X is defined s A = {(x,uA(x)):x € X}, where py: X — [0,1] is the
membership function of the fuzzy set A. Fuzzy set is a collection of object with graded membership that is having degree of
membership.

Example: The whole concept can be illustrated with this example let’s talk about people and “youth fullness “In this case the set S
is the set of people. A fuzzy subset young is also defined, which answers the question “To what degree is person x young? To each
person in the universe discourse we have to assign a degree of membership in the fuzzy subset young. The easiest way to do this is
with membership function based on the person’s age

1, if age(x) <20
30—x

YOUNG (x) = {222, if 20 < x <30
0, if x>30
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1.2 Definition [6]
A fuzzy set is empty if and only if its membership function is identically zero on X.
1.3 Definition [6]

Two fuzzy sets A and B are equal, written as A = B, if and only if f,(x) = fg(x) for all x in X. ( In the of sequel, instead of
writing fa(x) = fg(x) for all x in X, we shall write more simply fy = fg.)

1.4 Definition [6]
The complement of a fuzzy set A is denoted by A" and is defined by fa=1-fa
1.5 Definition [6]

The union of two fuzzy sets A and B with respective membership functions f;(x) and fg(x) is a fuzzy set C, written as C = AU B,
whose membership function is related to those of A and B by f.(x) = Max[f;(x), fzg(x)], x € X

1.6 Example

Let X ={1,2,3,4,5} and let A = {(1,0.3),(2,0.2),(3,0.2),(4,0.8),(5,0.6)} and B = {(1,0.2),(2,0.5),(3,0.9), (4,0.7), (5,0.8)}.
Then

fAUB = {(1103)' (2105)' (3'09)1 (4:08); (5;08)}
Note U has the associative property, thatis, AU(BUC)=(A4A U B)UC.
1.7 Theorem [6]

The union of A and B is the smallest fuzzy set containing both A and B. More precisely, if D is any fuzzy set which contains both A
and B, then it also contains the union of A and B.

Proof: To show that this note is equivalent to (1.3) . We note that C as defined by (1.3) contains both A and B. Since C D A
implies f; 2 f4. Since € D B implies f; = fg. Therefore, we have Max[f,(x), fz(x)] = fu(x) for every x € X and
Max[f,(x), fs(x)] 2 fg(x) for every x € X. Furthermore, if D is any fuzzy set containing both A and B, then f, = f, and
fo 2 fg. Hence f 2 faup But fyup = f¢- Therefore fi, (x) = Max[f,(x), fg(x)] = f-(x) for every x € X which implies
that fr = fp.Hence C c D. Therefore C is the smallest fuzzy set containing both A and B. That is, the union of A and B is the
smallest fuzzy set containing both A and B.

1.8 Definition [6]

The intersection of two fuzzy sets A and B with respective membership functions f,(x) and fg(x) is a fuzzy set C, written as
C = A N B, whose membership function is related to those of A and B by f,(x) = Min[f,(x), fg(x)], forall x € X

1.9 Example

Let X = {1,2,3,4,5} and let A = {(1,0.1), (2,0), (3,0.3), (4,0.5), (5,0.6)} and B = {(1,0.3), (2,0.5), (3,0.7), (4,0.8), (5,0.4)}. Then
fang = £(1,0.1), (2,0), (3,0.3), (4,0.5), (5,0.4)}.

Note: N has the associative property, thatis, AN (BNC)=(A n B)nC.
The intersection of A and B is the largest fuzzy set which is contained in both A4 and B.
1.10 Definition [6]

The algebraic product of A and B is denoted by AB and is defined in terms of the membership functions of A and B by the relation
fag = fa f5

Clearly, AB c A N B.
1.11 Definition [6]

The algebraic sum of A and B is denoted by A + B and is defined by
far =fat+ /s
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provided the sum f, + fg is less than or equal to unity. Thus, unlike the algebraic product, the algebraic sum is meaningful only
when the condition f,(x) + fg = 1 is satisfied for all x.

1.12 Definition [6]

The absolute difference of A and B is denoted by |A — B| and is defined by fia_p| = |fa — f3l. Note that in case of ordinary sets
|A — B| reduces to the relative complement of AN B in AU B.

1.13 Definition [6]

The composition of two fuzzy relations A and B is denoted by B o A and is defined as a fuzzy relation in X whose membership
function is related to those of A and B by

foea@,y) = subMinlfy (5, v),  fo(@ )]

Note that the operation of composition has the associative property Ao (BoC) = (Ao B) o C.
1.14 Definition [6]
Let T be a mapping from X to a space Y. Let B be a fuzzy set in Y with membership function fz(y). The inverse mapping of T™1
induces a fuzzy set A in X whose membership function is defined by f,(x) = fg(y), y €Y for all x in X which are mapped by T
intoy.
1.15 Definition [6]
A fuzzy set A is convex if and only if the sets T, defined by
Tp =& fa(x) Z @)

are convex for all a in the interval (0,1].
Alternate definition of fuzzy convex: A fuzzy set A is convex if and only if

fa(lx; + (1= Dxy) 2 Min(fA(xl);fA(xz))'
for all x,,x, in X and all A in [0,1].
1.16 Results [6]

To show that the equivalence between the above definitions.

Proof: If A is convex in the sense of the first definition and a = f,(x;) = f4(x;), then x, € T, and Ax; + (1 — D)x, € T, by the
convexity of I',. Hence

faQx; + (1= Dxy) 2 a = fu(xy) = Min(fA(xl)'fA(xz))-

Conversely, if A is convex in the sense of second definition and @ = f,(x;), then ', may be regarded as the set of all points x, for
which f;(x;) 2 f4(x;). In virtue of (1.24), every point of the form Ax; + (1 — A)x,, 0 = A =1, is also in I, and hence T, is
convex set.

1.17 Theorem

If A and Bare convex, so is their intersection.

Proof: Let C = AN B. Then

fex, + (1 = Dxy) = Min(fA()Lx1 + (1 —Dxy), f5(Ax, + (1 — /1)x2)) (1.25)

Since A and Bare convex, we have

fallx; + (1= Dxy) = Min(fA(xl)'fA(xz))

fe(x + (1= Dxy) 2 Min(fB(xl)'fB(xz))-
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Now (1.25) implies that
feQx, + (1= D) Z Min (Min(fa(ey), fa(e2)), Min(f (), f3.(x2)))
= Min (Min(fy(ey), £ (60)), Min(f (x), f (xc2)) ).

2 Min(f(x1), fo(x2)).

Hence intersection of two fuzzy convex is fuzzy convex.

2 MAIN RESULTS
2.1 Definition

Let X be a non-empty set. An bipolar-valued fuzzy set A in X is an object having the form A = {(x, wh(x), uz (x))/x € X}. where
usiX — [0,1] and pg: X — [—1,0] are mappings. The positive membership degree i} (x) denoted the satisfaction degree of an
element x to the property corresponding to a bipolar-valued fuzzy set A = {(x,uf(x),uz(x))/x € X}, and the negative
membership degree uz (x) denotes the satisfaction degree of x to some implicit counter-property of A = {(x, wh(x), uz (x)) /x €
X}

2.2 Example
Let A = {(a, 0.6,—0.4), (b,0.8,—0.3), (¢, 0.5, —0.5)} is a bipolar-valued fuzzy set of X = {a, b, c}.

In the canonical representation, it is possible for elements x to be pf (x) # 0 and uz(x) # 0 when the membership function of the
property overlaps that of its counter-property over some portion of the domain. The reduced representation of a bipolar-valued
fuzzy set A on the domain x has the following shape A = {(x, uf (x)) /x €X }, u%: X — [—1,1] The membership degree uf(x)
for the reduced representation can be derived from its canonical representation as follows

ua() if pr(x) =0
uBx) = pa(x) if pi(x)=0 . Here f (/,LZ ), ua (x)) is an aggregation function to merge pair of positive and
f(uh (), uz(x)) otherwish
negative membership values into a value. Such aggregation functions f (/,LZ (), ua (x)) can be defined in various ways.

2.3 Definition

Two bipolar-valued fuzzy set A = (x, uf, ) and B = (x,ug, uz) of a set X are equal, written as A = B, if and only if A*(x) =
B*(x) and A~ (x) = B~ (x), for all x € X.

2.4 Definition

Let A = (x,u},uz) be a bipolar-valued fuzzy set of a set X. The complement of bipolar-valued fuzzy set A is denoted by A =
{(x,1-A4%(x), -1 -4~ (x))/x € X}.

2.5 Definition

Let A = (x,u},uz) and B = (x, u}, ug) be two bipolar-valued fuzzy sets of a set X. Then A contained in B (or A is a subset of B)
if and only if AY¥(x) <B*(x) and A~(x) = B~ (x), for all x €X. In symbols Ac B < A*(x) <B*(x) and A~ (x) =
B~ (x),Vx € X.

2.6 Definition

Let A = (x, 1}, 1uy) and B = (x, ug, uz) be two bipolar-valued fuzzy sets of a set X. Then union of A and B is defined as
AUB = {(x, max(A’“(x), B+(x)) , min(A‘ (), B_(x)))/x € X}. The union of two bipolar-valued fuzzy set A and B are defined
as follows AUB = {(x, uAUB(x))/x € X},

where pyyp(x) = (MZUB(x).u;uB(X)) = uhyp(x) = max(u} (), uf (), uayp) = min(uz (x), x5 (x)), vx € X.
2.7 Definition

Let A= (A",A") and B=(B*Y,B™) be two bipolar-valued fuzzy set of a set X. Then
ANB = {(x, min(4*(x), B*(x)), max(4~(x), B~ (x))/x € X}.
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2.8 Theorem

The union of A and B is the smallest bipolar-valued fuzzy set containing both A and B. More precisely if D is any bipolar-valued
fuzzy set which contains both A and B then it also contains the union of A and B.

Proof: Let A = (x, 1}, 1) and B = (x, uj, ug) be two bipolar-valued fuzzy sets of a set X. Take C = AUB = (x, uf, ug) where
u¢ (x) = max(uj (), ug (x)) and pz(x) = min(uz (x), up (x)). Since € D A implies pf(x) 2 pj (x), ug (x) < pz(x), since
C 2 B implies pu (x) Z pug (x), ug (x) < pp (x). Therefore we have max(p} (x), uf (x)) = (x, i (x), uz), min(pz (x), pz (x)) . <
(%, 14 (), pua(x)) and max(uf (), ug (x)) = (x, uf (0), uz (), min(uz (), w5 (%)) < (x, 1 (0), up(x)), for every x €X.
Furthermore if D is any bipolar-valued fuzzy set containing both A and B then uf(x) 2 p}(x), up(x) = uz(x) and up(x) =
up (), up (x) = ug(x) for every x € X which implies that uf (x) = uf(x), ug (x) = up(x). Hence € c D. Therefore C is a
smallest bipolar-valued fuzzy aet containing both A and B. That is union of A and B is the smallest bipolar-valued fuzzy set
containing both A and B.

2.9 Theorem

The intersection of A and B is the bipolar-valued fuzzy sets which is contained in both A and B. More precisely, if D is any
bipolar-valued fuzzy set which contained in both A and B, then it also contain the intersection of A and B.

2.10 Definition
Let {A;:i € J} be an arbitrary family of bipolar-valued fuzzy set in a set X, where A; = (x, Af, A7). then

1. UA;=(xUAf,NnA)
2. NA; = (x,n Af,U A7).

2.11 Definition

Let A = (x,u}l,uy) and B = (x, ug, ug) be any two bipolar-valued fuzzy set of a set X, respectively. The algebraic product of A
and B is denoted by A- B is defined as A+ B = {(x, uf 5 (x), uz5(x))/x € X}, where pjfp(x) = pf(x) - puf(x) and pzp(x) =
pa () - pp ().

2.12 Definition

Let A = (x,u}, uz) and B = (x, ug, ug) be any two bipolar-valued fuzzy set of a set X, respectively. The algebraic sum of A and
B is denoted by A + B is defined as A+ B = {(x, uf,5(x), uzs5(x))/x € X}, where uf,5(x) = uf(x) + ug (x) — uf(x) - ug (%)
and pg,.p(x) = uz (x) - ug (x). provided the sum is less than or equal to unity. Thus unlike the algebraic product the algebraic
sum is meaningful only when the condition p}(x) + pf(x) = 1 and p; (x) + pg (x) = 1 is satisfied for all x.

2.13 Definition

Let A = (x,ul, uz) and B = (x, uz, ug) be any bipolar-valued fuzzy set of a set X respectively Then algebraic difference of A and
B is denoted by |A — B| is defined as |A — B| = {(x,/,tr;_Bl(x),/x[q_m(x))/x € X}, where W _g (x) = pi (x) — ug (x) + pi(x) -
g (x) and ppu_p (x) = pz (x) - up ().

2.14 Definition

Let A= (x,AY",A™) and B = (x,B*,B™),A = (x, A", A7) be arbitrary bipolar-valued fuzzy sets. The convex combination of A, B
and A is denoted by (A+, B*; A+), (A",B;A7) and is defined by the relations (A+, B+,A+) = A*A* + (A Bt and

(A", B7;A7) = A"A™ + (A")'B~, where (A+)I is the complement of A* and (A™)' is the complement of A~. Written out in terms
of membership functions

Ui gy () = uX Opg () + [1 — pg () ug (x),
X € X, uiap.n) (@) = pux(uz (x) + [-1 — pz () ]up (x), x € X

2.15 Remark

A basic property of the convex combination of A, B and A is expressed by AN B c (A, B; A) € AU B for all A. This property is
an immediate consequence of inequalities min(uj (X)uz (x)] = Aux (x) + (1 — Dz (x) = max (u} (x), ug(x), vx € X and
max(pz ()up ()] 2 Apy (x) + (1 = Dpp (x) = min (p, (%), pp(x), Vx €X.
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2.16 Definition

Let A4, ....., Ay, be a bipolar-valued fuzzy set in X4, ....., X, respectively. The Cartesian product A, X ....X A, is an bipolar-valued
<A = {[(xp e X)), #A1 ..... an (X1 s X)), iy oy (X, "-'xn)]:}
. n - .

fuzzy set defined by Ay X
! (X1, s %) € (X1, o, Xp)
2.17 Definition

Bipolar-valued fuzzy set A = (A*,A™) is called a convex bipolar-valued fuzzy set if for all x,y € X,2 € [0,1],A*(Ax +
A =-Dy) = AT ANAY(Y) and A~ (Ax + (1 — Dy) < A~ (x)VA™ (x).

2.18 Theorem
If A and B are convex, so is their intersection

Proof: Let C = ANB. Then

uEAx + (1 = Dy) = min(p} (Ax + (1 = Dy), uf Ax + (1 = D))
ucx+ (1 =Dy = max(u;(/lx +A-Dy),ug(x+ (1 - A)y)). Since A and B are convex we have u}(Ax + (1 — 1)y) =
min (e} (), i (1)), 12 Ax + (1 = Dy) < max(pz (), 43 (), 1 (Ax + (1 = )y) = min(uf (), i (1)), u5 Ax +
(1= Dy) < max(uz(x), u5(y)). Now we get
G+ (1 = 2)y) = min{min(jef (), 1 (1)) min(af (), 1 ()}

% min{minis () 45 2))  min (5 (03 ) > min(uf (), 12 ).
uz (Ax + (1 — Dy) < max{max(u; (x), uz3 (), max(uz (x), uz ()}
< max{max(uz (x), uz (x)) , max(uz (v), uz )} < max(ug (%), uz ).

2.19 Definition

Bipolar-valued fuzzy set A is called a concave bipolar-valued fuzzy set if for all x,y € X,1 € [0,1],uf(Ax + (1 — Dy) <
wi OVt () and pu;(Ax + (1 — D)y) = uz () Auz (v). It clear that A is convex bipolar-valued fuzzy set if and only if A is a
concave bipolar-valued sets

2.20 Definition

Let A= (u},uz) and B = (u},ug) be two bipolar-valued fuzzy set of a set X. Then composition is defined by Ao B =
{(t, 125 (0), a5 (0))} where

+

{Sup{mm(u 20O, us()} if tExy

Haop = tEXY
otherwise
- {lnftexy{(max(.uA (), ug ()}, if texy
Haop =
0 otherewise

2.21 Definition

Let X and Y be two empty sets and f: X — Y be a mapping. Let A € C(X) be a collection of all bipolar-valued fuzzy sets. Then
V{(x, MZ(X) XEFTTOLIf ) #0

the image of A, under f, denoted b A) = (x, uten, Uz is defined by u?, —{
ge of f, v f(A) = ( Hr Ilf(A)) ofi J’Ilf(A)(J’) otherwise

AM(x, MA(x) X€ML fTON #0

_ )= {
Hr o otherwise

Let B € C(Y) then the pre image of B, under f, denoted by f~1(B) = (x, /1;_1(3),/1;_1(3)), defined by ,u}f_l(B) x) =
1 (F ), ur-105y (6) = pz (f ().

2.22 Theorem

Let AUB is a concave bipolar-valued fuzzy set when both A and B are concave bipolar-valued fuzzy sets.

Proof: Let C = AUB, then

utAx + (1 — Dy) = max(ph (Ax + (1 — Dy), uf (Ax + (1 - Dy)).
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uc(x + (1 - Dy) = min(u;(/lx + A -Dy),ug(x+ (1 - /l)y)). Since A and B are concave, pi(lx + (1—2Ay) <
max(u} (), uf ), uf (Ax + (1 — Dy) < max(uf (), uf ).

a(Ax + (1 = Dy) = min(uy (), uz ),
up (Ax + (1 = )y) = min(up (x), 45 ()

Now we get,

u G + (1 = Dy) < max{max(uf (o), 1 (7)), max(af (o), 15 ()}
< max{ma (06,1 () ma(u} 09, 4 09)
< max(pd (%), u¢ ().
uz (Ax + (1 — Dy) = min{min(uz (x), u3 (»)), min(uz (x), 1 ()}
> min{min(u (x), uz (x)), min(uz ), uz )}
> min(ug (x), uz ).

Let X,Y,Z and U be ordinary finite non-empty sets. Let U given by the membership functions u} and u} respectively and the non-
membership functions p; and g respectively where u}, ut, uz, tg: U — [0,1]. A X B is bipolar-valued set in U x U defined by

s G y) = min(pf (), ug (), Maxs (x,¥) = max(uz (x), u5 (y)), forall x,y € U.
2.23 Definition

Let R € AX B, that is uj(x,y) < puhp(x,y) and ugr(x,y) = paxg(x,y) with the condition that 0 < u}(x,y) + ug(x,y) < 1.
Then R is an bipolar-valued fuzzy relation from A to B.

2.24 Definition

Given a binary bipolar-valued fuzzy relation between X and Y we can define R™! between Y and X be means of /1;—1 y,x) =
pr (6, Y), g1 (¥, x) = pr (x,),V(x,y) € X X Y to which we will call inverse relation of R.

2.25 Definition
Let R and P be two bipolar-valued fuzzy relations between X and Y for every (x,y) € X X Y we can define

R <P e pug(x,y) < pp(x,y) and g (x,y) = pp (x, y).
R 3P pup(xy) < pp(xy) and pz (x, y) < pp (x, ).
RVP = {((x, ), it Cx, yIViui G, ¥), g (6, y) A (x, ) -
RAP = {((x,y), i Ce, YIAup (x, ), g (x, yI)Vip (x, 1))}
e. R ={(G.y),ur(x,y), 1k (x,y)),x EX,y €Y},

a0 o

2.26 Definition

An bipolar-valued fuzzy relation R = {(x,y), ut(x,v),us(x,y)/x,y € AX A}. is said to be reflexive if uf(x,x) =1 and
uz(x,x) = 0 for all x € X. Also R is said to be symmetric if uf(x,y) = pt(y,x) and p;(x,y) = u;(y,x), fro all x,y € A.

2.27 Theorem

If R is symmetric then so is R™1.

Proof: ,u;_1(x, ) =ur(,x) = pg(x,y) = #;—1(}" x)
br1(6y) = ur (v, x) = pr(x,y) = pe-1(y,x),vx,y € U.

2.28 Theorem
R is symmetric if and only if R = R™1.

Proof: Let R be symmetric then

-1 (6, y) = pE (v, x) = i (x,y)
Up-1(x,¥) = ug (v, x) = pg (x,y) forallx,y € U. So, R"* =R.
Conversely, let R™! = R
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pr G y) = pi-1(e,y) = uE (v, %), ur (6, ¥) = pp-1(x,y) = uz (v, x).
2.29 Definition

If Ry = {(x,y), 1y (x,¥), 47 (x,y) /%,y € AX A} and R, = {(x,¥), 15 (x,¥), 17 (x,y)/x,y € AX A}. be a two bipolar-valued
fuzzy relations on A then composition denoted by Ri°R, is defined

byRy o Ry = {((, ), (i o 1) (x,y), (uy © ) (x,¥))/x,y € A X A},where (uf o u3)(x,y) = sup,ea{min(ui (x,2), u3 (z, 7))}
and (#1_ ° ﬂz_)(x, }’) = ianEA{maX(MI(x' Z)' #2_(21 J’))}

2.30 Definition
An bipolar-valued fuzzy relation R on A is called transitive if R « R S R.
2.31 Theorem

If R is a transitive relation then so R™1.

Proof: pif-1(x, ) = pp-1,5-1(x,¥).
Hp-1(6,Y) = pr (¥, %) < prop(y, x) = min,ey[min(uz (v, %), g (2, )]
= mingey [max (/x;-l(x, z), fig-1(2, y))] = fig-1,-1(x,¥).SoR™ e R7* S R,

2.32 Definition

An bipolar-valued fuzzy relation R on A is called an bipolar-valued fuzzy equivalence relation if R is reflexive, symmetric and
transitive.

2.33 Definition

For any bipolar-valued fuzzy set A = (x, uf(x), uz(x)) of a set X we defined a (a,B)-cut of A as the crisp subset {x €
X/uj(x) = a, uz(x) < B} of X and it is denoted by Cq 5 (A).

REFERENCES

[1] Annie Varghese and Sunny Kuriakose, More on Intuitionistic fuzzy relations, Notes on Intuitionistic Fuzzy setd, vol.18 2012,
No. 2, 13-20.

[2] Arsham Borumand Saeid, Bipolar-valued fuzzy BCK /BCI-algebras, World Applied Sciences Journal 7 (11), 1404-1411, 2009.

[3] Jaydip Bhattacharya, A few more on intuitionistic fuzzy set, Journal of Fuzzy set valued analysis 2016 No.3 214-222.

[4] K. Young Ja Lee, Bipolar-valued subalgebras and bipolar-valued fuzzy ideals of BCK /BClI-algebras, BULLENTIN, Malaysian
Mathematical Sciences Society (2), 361-373, 2009.

[5] Krassimir T. Atanassov, New operations defined over the intuitionistic fuzzy sets, Fuzzy sets and system 61 (1994) 137-142.

[6] L. A. Zadeh, Fuzzy Sets, Information and control, 8, 338,353 (1965).

[7] P. A. Ejegwa, S. O. Akowe, P. M. Otene, J. M. Ikyule, An Overview On Intuitionistic Fuzzy Sets, International journal of
scientific and technology research volume 3, Issue 3, 2014 142-145.

[8] Rajkumar Verma and Bhu Dev Sharma, Some new results on intuitionistic fuzzy sets, Proceeding of the Jangjeon
Mathematical society, 16 (2013) NO:1 101-114.

sk skoskosk kook



