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INTRODUCTION

Operator theory were worked by very mathematicien (Akin and Zeren, 2017). Compactification of weighted Hardyoperator in
variable exponent Lebesgue spaces has been proven, in (Mamedov et al., 2017). The goal of this investigations were closely
connected with the found of criterion for validity of boundedness of Hardy-Littlewood maximal operator in BFS. On a two-weight
criteria for multidimensional Hardytype operator in p-convex Banach function spaces and some application has been proven, in
(Bandaliev, 2012). In (Cochranand, 1984) was proved the boundedness of Hardyoperator in Orliczspaces. Also, in (Lomakina and
Stepanov, 1998) the compactness and measure of non-compactness of Hardytype operator in Banach function spaces was proved.
Wereferethenotion of BFS was introduced in (Luxemburg, 1955). Inthisarticle, weestablish an integral-type necessary and
sufficient condition on weights which provides the boundedness of the Hardy-Littlewood maximal perator from weighted
Lebesgue spaces into p-convex weighted BFS.

Auxillary Statements and Assertions

Let(Q, 1) be a complete o-finite measure space. By Ly = Ly (Q, 1) we denote the collection of all real-valued y-measurable
functions on Q.

Definition.1. (Quinsheng, 1993) Letw be a weight on R™. The weighted Hardy-Littlewood maximal operator M,, is defined by

M, f (%) = SUPs.panes —= J5 |f DIw()dy.

w(B)

In the case that w = 1, M, is the usual Hardy-Littlewood maximal operatorM , namelyM f(x) = Supg.paii xen é [ s fO)ldy.

Given a BFS,Y we can consider its associate space Y consisting of those g € L, that f.g € L, for every f € Y with the usual
order and the norm

liglly: = sup{llf.gll.,: llgll, < 1}.

Note that Y is a BFS in (Q, u)and a closed norming subspaces. LetY be a BFS and w be a weight, that is, positive Lebesgue
measurable and a.e. finite functions on Q .
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Let Y, = {f € Ly: fw € Y}. This space is a weighted BFS equipped with the norm [|f ||y, = ||fwlly(see[8,9]).

Definition 2. (Schep, 1995) LetY is a BFS. Then Y is called p-convex for 1 < p < oo if there exists a constant M > 0 such that for
all fi, ..., [, €Y

1
| Rl o] < M(SRAlfl) if 1< p < oor

lIsupi<k<nlficllly < M max nllfilly if p=oo.

Similarly Y is called p-concave 1 < p < o if there exists a constant M > 0 such that for all f;, ..., f, €Y

1 1 . .
(Rl fll}) 7 < M| Rl || if 1< p < em0r mmx s cucnllfelly < Mllsupycien! fil lyifp = oo

Lemma 3. [11] Letl < p < q(x) < q* <o forall y € Q, c R™. Then the inequality

||||f”Lp(Ql) N <Gq ||”f||Lq(Qz)

Lg(y(@ Lp(Qq)

st whereGyg = (I, + el 9 (=2)) (sl + s, )

q~ = ess infg, q(x), q* = ess supg, q(x) , Ay ={(x,¥) €Q X Q:q(y) =p}, A, =Q; X Q \ Ay and f:Q; X Q, - Ris
any measurable function such that

l/p

_ If (L, )1
Il . =i {u > 0: [, (T2 dy < 1 < o and IFC ) iy = (fo, I ) IPex)

La(y(©2

Definition 4. (Musielak, 1983; Diening et al., 2011) Let usQ € R™ a Lebesgue measurable set. A real function 7: Q X [0,0) —
[0, ) is called a generalized t-functionif it satisfies:

a) T(x,.) is a T -function for all x € Q,7(x,.):[0,%) — [0, w)isconvexandsatisfiest(x, 0) = 0, lim,_o+ 7(x,t) = 0
b) ¥: x = 7(x, t)is measurableforallt > 0.

Definition 5. (Musielak, 1983Dieningand and Samko, 2007) Lett € @ and be p, defined byp,(f) = fQ Ty, If (¥)])dy,forallf €
Lo(Q).We put L, = {f € Lo(Q): p.(Aof) < for some 2o > Oand|Ifll,, = inf {1 > 0:p, (£) < 1}.

The space L, is called Musielak-Orliczspace. Let w be a weight function on €, i.e.,w is a non-negative, almost everywhere
positive function on Q. In this work we considered the weighted Musielak-Orlicz spaces. We denoteL,, = {f € Ly(): fw € L.}.
It is obvious that the norm in this spaces is given by ||f]| Lew = lfwll.,

Lemma 6. (Bandaliev, 2012) LetQ, c R™ and Q, c R™. Let (x,t) € Q; X [0,), and T(x,tl/P) € ® for some 1 <p < .
Suppose f:Q, X Q, = R. Then

||||f(x,.)||Lp(gz) S21/p||||f(.,y)||LT||Lp(Qz)isValid.

Ly

Definition 7. We say thatt € O satisfies the A,-conditionifthereexistsK = 2 such that 7(y, 2t) < Kt(y, t)forally € Q and all
t > 0. The smallest such K is called the A,-constant of T (see (Musielak, 1983)).

Lemma 8. (Bennettand, 1988) Letr € ®and1 < s < q(y) < qt <. Suppose for all C >0 the condition,z(y,Ct) <

civ )T(y, t) holds, wherey € Q and t > 0. Then a functiont satisfies the A,-condition, with constant K = 24" (for proof see [3]).
The following Lemma characterize bounded, sublinear operators from one Musielak-Orlicz spaces to another.

RESULTS

Theorem 1. Let v(x) and w(x) are weights on R™. Suppose that X,,, be a p-convex weighted BFSs forl < p < o on R™. Then the
inequality,

1£llx, < ClIflL,, )
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Holds for everyf = 0 and for all a € (0,1) if and only if

A / P
A@) = sup f O dy | |lxgsa() f[v(y)]-vdy <o @

lyl<t lyI<l
Xw

Moreover, ifC > 0 is the best possible constant in (1), then

A A
PA@ <c<M inf 2@

0<a<1 —

' P 1/p =
(1-a) [((1 Ti a)) + a(pl_ 1)] (1 i a) !

Proof of Theorem 1. Sufficiency. Passing to the polar coordinates, we have

sup
0<a<1i

a
Iyl P

m(y) = f[v(z)]"’/dz = fs”_l f[v(s@)]‘p’da ds

lzI<lyl 0 1$1=1

where d¢ is the surface element on the unit sphere. Obviously, m(y) = m(|y|), i.e.,m(y) is a radial function. Applying Holder’s
inequality for L,(R™) spaces and after some standard transformations, we have

M = —w(. d = —w( -1d
1MFllx,, xesl;llgl.lllyl<|-||W()Iy|.£|.|f(3/) y xe?3|‘1|.|||y|<|.||W()lyil.l[f(”m(””(”][m(””(y)] y
< [wO Ml guieplimel e gian|| = ||||w(. fmoxgyen N i<

= ||mel7)({|.|<|x|}(-)||[ml7]_1||L (1<l |
P X[Lp]

and we have

||mev)({|.|<|x|}(- )”[mv]_lller(l.lel) <M ||mevX{|.|<|x|}(y)”[mv]_lllef(|.|<|x|)

Lpx]

|X[Lp]
= | rmerian N e |
14

=M ”fmv ”W(- )X{|y|<|.|}(3’)||[mv]_1||pr(|y|<|.|)”X”
Lp

By switching to polar coordinates and after some calculations, we get

AL

x|

’ p’ ’ ’
ol i = | [ DnlyDeo® dy | = [ rimen | [ weoyvas|ar

lyl<lx| 0 1Zj=1
I r -a >
= f fs”‘l f[v(s@)]‘p/da ds f[v(r@)]‘p’de r"ldr
o |[o 1¢1=1 1¢1=1
Y r 1-a P
-t J-i J-s"_l f [v(s0)]7Pd8 |ds dr
- X dr
(1—-a)p \o 0 Igi=1
1-a 1-a
. lx| " 1 v
=——| | s" [v(s6)]P do |ds e — [v(2)]™? dz

(1 —a)? \o Ii=1 (1 — a)? \212Ix]
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Therefore from the condition (2), we obtain

||fmv ”W(- )X{|y|<|.|}(3’)”[mv]_lller(|y|<|.|)||X||
Lp

i-a
1 R A(a)
= ——||ro|m|xaspn| [ eI @ <22 ipvll,.
(1-a)? lzi<l (1—-a)
Xw L
Thus, foralla € (0,1), [IMflly, < M~ Ifll,,,
(1-a)?P

Necessity. Letf € L, ,,(R™), f = 0 and the inequality (1) is valid. Wechoosethe test function as

P

T 19O P v <o @) + [90XD] P PP ()X a1 ()

flx) ==

wheret > 0 is a fixed number and

t

g0 = [Py =[5 [ vrinan |as

lyl<t 0 Inl=1

It is obvious that

dg_

=t f v (tn)dn

Inl=1

Again by switching to polar coordinates, from the right hand side of inequality (1) we get that

1/17
TP
||f||Lp_,, = J- (i—a) [g(t)]‘a(p—l)—lv—ﬁ(x)dx+ f [g(x)]—a(p—l)—lv—l"(x)dx

lx|<t |x|>t
1
) /p

C\P
B (1}ia> Lg@®1*~" + f i 1C0) I f vP (s8)dg | dr
t 1g]=1

, o Yo
P 1 d
= [(1 Ii a> [9(©)]*C~P — m[ E[Q(’”)]_a(p—ndr]

o ~a@-n\ 177
1 ,
= (i—a> [g(t)]““‘”)—m [g()]7*®~ — f v? (y)dy

Rn

1
p' p 1 /P —2/
BT U L
1/p

p\ 1 »
=K1_a> +a(p_1)] (B

After some calculations, from the left hand side of inequality (1), we have

1 1
IMfllx, = ||SUp"E|3’|<|-|mflykl-lf(y)dy”)( 2 ||X{|y|>t} Supxe|y|<|.|m.ﬂy|<|_|f(Y)dY||X
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= [ty (5 fy g @1 > 70 Gday + o [9@T 7 70 )y

Xw

= [rusa (Zsla@T7 + (=197 (5, v Goyan) ar

Xw

= X{|y|>r}( [g(f) v + ft”d [g()]* dr)

Xw

= [Favse L’i—a lg (t)]% + l’j—a ([g(. )]? - [g(t)]l;—")]

Xw

1—-a

Xw

Hence,

_1/P a

' " \P
D p 1 =
1—a Kl - a) + a(p — 1)] ol

For all a € (0,1). Theorem 1 is proved.

1-a

‘A
X{|.|>t}[g(- )] P p A(a)

< <C
' p 1 p
a-a [(ﬂa) +a(p—1)]

Xw
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